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This paper considers the plane stress problem of generally anisotropic beams with elastic compliance parameters being
arbitrary functions of the thickness coordinate. Firstly, the partial diﬀerential equation, which is satisﬁed by the Airy stress
function for the plane problem of anisotropic functionally graded materials and involves the eﬀect of body force, is derived.
Secondly, a uniﬁed method is developed to obtain the stress function. The analytical expressions of axial force, bending
moment, shear force and displacements are then deduced through integration. Thirdly, the stress function is employed to
solve problems of anisotropic functionally graded plane beams, with the integral constants completely determined from
boundary conditions. A series of elasticity solutions are thus obtained, including the solution for beams under tension
and pure bending, the solution for cantilever beams subjected to shear force applied at the free end, the solution for canti-
lever beams or simply supported beams subjected to uniform load, the solution for ﬁxed–ﬁxed beams subjected to uniform
load, and the one for beams subjected to body force, etc. These solutions can be easily degenerated into the elasticity solu-
tions for homogeneous beams. Some of them are absolutely new to literature, and some coincide with the available solutions.
It is also found that there are certain errors in several available solutions. A numerical example is ﬁnally presented to show
the eﬀect of material inhomogeneity on the elastic ﬁeld in a functionally graded anisotropic cantilever beam.
 2006 Elsevier Ltd. All rights reserved.
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Attentions have always been paid to the elasticity solutions for plane beams by scientists and engineers.
Exact and analytical elasticity solutions for homogeneous isotropic beams can be obtained via Airy stress
function, as shown in Timoshenko and Goodier (1970). These analytical solutions satisfy the exact force
boundary conditions at the two longitudinal sides, but satisfy the simpliﬁed boundary conditions at the
two beam ends. Three boundary conditions are usually prescribed at each end, for instance, axial force T,0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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H.J. Ding et al. / International Journal of Solids and Structures 44 (2007) 176–196 177bending moment M, and shear force Q are usually given at a free end, while u = v = 0 and ov/ox = 0 or
ou/oy = 0 on the neutral axes are prescribed at a ﬁxed end, etc. Lekhnitskii (1968), using the stress function
method, further obtained a series of solutions for plane anisotropic beams, including the one for beams sub-
jected to simple tension, pure shear, and pure bending, the one for cantilever beams acted by a concentrated
shear force at the tip, the one for uniformly loaded cantilever beams and simply supported beams, and the one
for linearly loaded cantilever beams and simply supported beams. Silverman (1964) presented a general
method to obtain stress function for orthotropic beams; the bending problems of cantilever beams subjected
to a terminal shear force and cantilever beams subjected to uniform load and linearly distributed load were
studied. For the purpose of analysis of stresses and displacements of anisotropic beams, Hashin (1967)
expressed the stress function in terms of polynomials of the two coordinate variables; a cantilever beam sub-
jected to shear force at the free end and a simply supported beam subjected to a uniform load were considered
as examples to demonstrate his procedure. Despite of the above analytical solutions that have been obtained
for many years, the analytical solution for beams with two ends ﬁxed has not been reported yet. Ahmed et al.
(1996) introduced a displacement function and presented a ﬁnite diﬀerence solution for a ﬁxed–ﬁxed isotropic
beam subjected to uniform load. Ahmed et al. (1998) further investigated numerically a cantilever beam sub-
jected to a distributed shear force at the free end, and comparison with the elasticity solution was made.
Recently, Ding et al. (2005) derived an elasticity solution for a ﬁxed–ﬁxed plane isotropic beam subjected
to uniform load with the aid of Airy stress function; the correctness of the solution was conﬁrmed through
comparison with the numerical solution of Ahmed et al. (1996). An elasticity solution for a ﬁxed–simply sup-
ported plane isotropic beam subjected to uniform load was also presented in Ding et al. (2005). It is noted that
the boundary conditions at the ﬁxed end used in Ding et al. (2005) are the same as that employed by Timo-
shenko and Goodier (1970). Jiang and Ding (2005) employed displacement method to obtain an analytical
solution for orthotropic cantilever beam subjected to a body force proportional to the density, which varies
with one coordinate.
With regard to functionally graded beams, Sankar (2001) investigated simply supported orthotropic beams
subjected to arbitrary normal stresses. He assumed that all the elastic compliance parameters are proportional
to ekz, where k is a constant and z is the thickness coordinate. Sankar and Tzeng (2002) considered the thermal
stress problem of orthotropic beams, of which the elastic compliance parameters are proportional to ekz, the
thermo-mechanical coupling parameters are proportional to ecz, and the temperature increment is propor-
tional to ekzsinnz. Under these restrictions, exact solutions have been found (Sankar, 2001; Sankar and Tzeng,
2002). For a simply supported orthotropic beam subjected to arbitrary normal stresses, Zhu and Sankar
(2004) assumed that the elastic compliance parameters are proportional to a polynomial of z, for which exact
solution can not be obtained by Fourier series expansion method. Thus, they sought for an approximate solu-
tion using Galerkin method. If the simply supported beam is anisotropic, Sankar’s method can not be used to
obtain any exact solution, even for a homogeneous beam. Using the trial-and-error method, Lekhnitskii
(1968) investigated nonhomogeneous orthotropic cantilever beams subjected to a transverse force and a bend-
ing moment at the free end. He assumed that the elastic compliance parameters are functions of the thickness
coordinate, and did not impose any restriction on the form of these functions. It is remarkable that the stress
expressions are still very simple and usable.
Hitherto, no general method has been developed for obtaining elasticity solutions of plane anisotropic func-
tionally graded beams. Here, Silverman’s method (Silverman, 1964) will be generalized to establish a general
way to obtain the stress function for anisotropic FG beams. No assumption will be imposed on the variation
of the elastic compliance parameters along the beam thickness. In addition, body force varying with the coor-
dinates will be considered. Totally six examples are presented to illustrate the application of the method, and
hence the work of Lekhnitskii (1968) was extended in the round. When all the elastic compliance parameters
are constant, the present solutions degenerate to those for homogeneous beams, among which the solutions
for ﬁxed–ﬁxed homogeneous anisotropic beams subjected to uniform load are absolutely new to literature.
The others are compared with the available elasticity solutions mentioned above, and a good agreement is
obtained except for few mistakes found in several earlier solutions. Numerical results of a particular function-
ally graded anisotropic beam, of which only one elastic compliance coeﬃcient varies with the thickness coor-
dinate, are given in ﬁgure form to clearly show the eﬀect of material inhomogeneity parameter on the
displacement and stress ﬁeld in the beam.
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The basic equations for plane stress static problems include the equations of equilibrium, strain–displace-
ment relations and stress–strain relations as followsorx
ox
þ osxy
oy
þ F x ¼ 0; osxyox þ
ory
oy
þ F y ¼ 0; ð1Þ
ex ¼ ouox ; ey ¼
ov
oy
; cxy ¼
ov
ox
þ ou
oy
; ð2Þ
ex ¼ s11rx þ s12ry þ s16sxy ; ey ¼ s12rx þ s22ry þ s26sxy ; cxy ¼ s16rx þ s26ry þ s66sxy ; ð3Þwhere rx, ry and sxy denote the stress components, ex, ey and cxy are the strain components, u and v denote the
displacement components, and Fx and Fy denote the body force components. In this paper, we consider func-
tional graded materials (FGMs), whose elastic compliance parameters are functions of y, i.e. sij = sij(y),
(i, j = 1,2,6).
In order to satisfy the equations of equilibrium, Eq. (1), we introduce stress function / as follows,rx ¼ o
2/
oy2
 X ; ry ¼ o
2/
ox2
 Y ; sxy ¼  o
2/
oxoy
; ð4Þwhere X and Y are called body force functions. They are special solutions of the following two equations,
respectivelyF x ¼ oXox ; F y ¼
oY
oy
: ð5ÞSubstituting Eq. (4) into Eq. (3), yieldsex ¼ s11 o
2/
oy2
þ s12 o
2/
ox2
 s16 o
2/
oxoy
 s11X  s12Y ;
ey ¼ s12 o
2/
oy2
þ s22 o
2/
ox2
 s26 o
2/
oxoy
 s12X  s22Y ;
cxy ¼ s16
o2/
oy2
þ s26 o
2/
ox2
 s66 o
2/
oxoy
 s16X  s26Y :
ð6ÞThe strain compatibility equations can be derived from Eq. (2)o2ex
oy2
þ o
2ey
ox2
 o
2cxy
oxoy
¼ 0: ð7ÞSubstituting Eq. (6) into Eq. (7) giveso2
oy2
s11
o2/
oy2
þ s12 o
2/
ox2
 s16 o
2/
oxoy
 
þ o
2
ox2
s12
o2/
oy2
þ s22 o
2/
ox2
 s26 o
2/
oxoy
 
 o
2
oxoy
s16
o2/
oy2
þ s26 o
2/
ox2
 s66 o
2/
oxoy
 
¼ o
2
oy2
ðs11X þ s12Y Þ þ o
2
ox2
ðs12X þ s22Y Þ  o
2
oxoy
ðs16X þ s26Y Þ: ð8ÞIn the following, we assume that the body force functions take the form ofX ¼
XN1
k¼0
xkX kðyÞ; Y ¼
XN2
k¼0
xkY kðyÞ; ð9Þ
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Fig. 1. Geometry, resultant forces, body forces, and boundary external forces of a beam.
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X0(y) contributes nothing to Fx. For simplicity, we set X0(y) = 0. Obviously, when all Xk(y) = 0, we have
Fx = 0, and when all Yk(y) = const., we have Fy = 0.
Consider the beam as shown in Fig. 1, which is under gravity and rotates about the axes y at an angular
velocity x0. The body force components areF x ¼ qxx20; F y ¼ qg; ð10Þ
where q is the material density, and g the gravitational acceleration. If the density q takes the following poly-
nomial formq ¼
Xm
j¼0
xjqjðyÞ; ð11Þthen the two body force functions X and Y, which correspond to the inhomogeneous body force in Eq. (10),
will have the same form as Eq. (9). In particular, if m = 0 or qj(y) = const. (j = 1,2, . . . ,m) in Eq. (11), the
material is called as density functionally graded material (Jiang and Ding, 2005).
3. Stress function
For beams subjected to distributed polynomial load on their edges as well as body force represented by Eq.
(9), we assume that the stress function / to be/ ¼
XN
k¼0
xk/kðyÞ: ð12ÞSubstituting Eqs. (9) and (12) into Eq. (8), and assuming N1 = N2 = N, we obtainXN
k¼0
xkfðs11/00k  s11X k  s12Y kÞ00  ðk þ 1Þ½ðs16/0kþ1Þ00 þ ðs16/00kþ1Þ0  ðs16X kþ1 þ s26Y kþ1Þ0HðN  kÞ
þ ðk þ 1Þðk þ 2Þ½ðs12/kþ2Þ00 þ s12/00kþ2 þ ðs66/0kþ2Þ0  s12X kþ2  s22Y kþ2HðN  k  1Þ
 ðk þ 1Þðk þ 2Þðk þ 3Þ½ðs26/kþ3Þ0 þ s26/0kþ3HðN  k  2Þ
þ ðk þ 1Þðk þ 2Þðk þ 3Þðk þ 4Þs22/kþ4HðN  k  3Þg ¼ 0; ð13Þwhere (Æ) 0 and (Æ)00 denote the ﬁrst and the second derivatives, respectively, andHðxÞ ¼ 0; x 6 0;
1; x > 0:

ð14ÞFrom Eq. (13), we obtain the following diﬀerential equations which /k satisfyðs11/00k  s11X k  s12Y kÞ00  ðk þ 1Þ½ðs16/0kþ1Þ0 þ s16/00kþ1  s16X kþ1  s26Y kþ10HðN  kÞ
þ ðk þ 1Þðk þ 2Þ½ðs12/kþ2Þ00 þ s12/00kþ2 þ ðs66/0kþ2Þ0  s12X kþ2  s22Y kþ2HðN  k  1Þ
 ðk þ 1Þðk þ 2Þðk þ 3Þ½ðs26/kþ3Þ0 þ s26/0kþ3HðN  k  2Þ
þ ðk þ 1Þðk þ 2Þðk þ 3Þðk þ 4Þs22/kþ4HðN  k  3Þ ¼ 0; ð15Þwhere k = N,N  1, . . . , 1,0.
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ðs11/00k  s11X k  s12Y kÞ0  ðk þ 1Þ½ðs16/0kþ1Þ0 þ s16/00kþ1  s16X kþ1  s26Y kþ1HðN  kÞ
þ ðk þ 1Þðk þ 2Þ½ðs12/kþ2Þ0 þ s66/0kþ2 þ
Z y
h2
s12/
00
kþ2 dn
Z y
h2
ðs12X kþ2 þ s22Y kþ2ÞdnHðN  k  1Þ
 ðk þ 1Þðk þ 2Þðk þ 3Þ½s26/kþ3 þ
Z y
h2
s26/
0
kþ3 dnHðN  k  2Þ
þ ðk þ 1Þðk þ 2Þðk þ 3Þðk þ 4Þ
Z y
h2
s22/kþ4 dnHðN  k  3Þ ¼ ak; ð16Þwhere k = N,N  1, . . . , 1,0, and ak are integral constants.
The step to solve the set of diﬀerential equations in Eq. (16) is as follows. Firstly, set k = N to obtain /N.
Secondly, set k = N  1 to obtain /N1. Thirdly, set k = N  2 to obtain /N2, and so on. Finally we can set
k = 0 to obtain /0.
When k = N, we have from Eq. (16)ðs11/00N  s11XN  s12Y N Þ0 ¼ aN : ð17ÞIntegrating Eq. (17) with respect to y once, twice and three times, yields, respectively/00N ¼ aNy=s11 þ bN=s11 þ XN þ s12Y N=s11; ð18Þ
/0N ¼ aNf10ðyÞ þ bNf00ðyÞ þ cN þ zN00ðyÞ; ð19Þ
/N ¼ aNf11ðyÞ þ bNf01ðyÞ þ cNy þ dN þ zN01ðyÞ; ð20Þwhere bN, cN, dN are integral constants, andfmnðyÞ ¼ 1n!
Z y
h2
nmðy  nÞn
s11ðnÞ dn ðm; n ¼ 0; 1; 2; . . .Þ; ð21Þ
zk0nðyÞ ¼
1
n!
Z y
h2
½X kðnÞ þ s12ðnÞY kðnÞ=s11ðnÞðy  nÞn dn;
n ¼ 0; 1; 2; . . .
k ¼ N ;N  1; . . . ; 1; 0
 
: ð22ÞWhen k = N  1, we obtain from Eq. (16)ðs11/00N1  s11XN1  s12Y N1Þ0 ¼ aN1 þ N ½ðs16/0N Þ0 þ s16/00N  s16XN  s26Y N 
¼ aN1 þ N ½ðs16/0N Þ0 þ aNs16y=s11 þ bNs16=s11 þ ðs16s12=s11  s26ÞY N : ð23ÞIntegration of Eq. (23) yields/00N1 ¼ aN1y=s11 þ bN1=s11 þ NfaNg010ðyÞ þ bNg000ðyÞ þ cNs16=s11 þ ½zN10ðyÞ0g þ ½zN100 ðyÞ0; ð24ÞwheregmnðyÞ ¼
1
n!
Z y
h2
½s16ðnÞfm0ðnÞ þ f 6m0ðnÞðy  nÞn
s11ðnÞ dn ðm; n ¼ 0; 1; 2; . . .Þ; ð25Þ
zk1nðyÞ ¼
1
n!
Z y
h2
½s16ðnÞzk00ðnÞ þ Y 6kðnÞðy  nÞn
s11ðnÞ dn
k ¼ N ;N  1; . . . ; 1; 0
n ¼ 0; 1; 2; . . .
 
; ð26Þ
f 6mnðyÞ ¼
1
n!
Z y
h2
s16ðnÞnmðy  nÞn
s11ðnÞ dn ðm; n ¼ 0; 1; 2; . . .Þ; ð27Þ
Y 6kðyÞ ¼
Z y
h2
½s16ðnÞs12ðnÞ=s11ðnÞ  s26ðnÞY kðnÞdn ðk ¼ N ;N  1; . . . ; 1Þ: ð28Þ
H.J. Ding et al. / International Journal of Solids and Structures 44 (2007) 176–196 181From Eq. (24), it is easy to obtain by integration/0N1 ¼ aN1f10ðyÞ þ bN1f00ðyÞ þ cN1 þ N ½aNg10ðyÞ þ bNg00ðyÞ þ cNf 600ðyÞ þ zN10ðyÞ þ zN100 ðyÞ; ð29Þ
/N1 ¼ aN1f11ðyÞ þ bN1f01ðyÞ þ cN1y þ dN1 þ N ½aNg11ðyÞ þ bNg01ðyÞ þ cNf 601ðyÞ þ zN11ðyÞ
þ zN101 ðyÞ: ð30ÞWhen k = N  2, we obtain from Eq. (16)
ðs11/00N2  s11XN2  s12Y N2Þ0
¼ aN2 þ ðN  1Þ½ðs16/0N1Þ0 þ s16/00N1  s16XN1  s26Y N1
 NðN  1Þ ðs12/NÞ0 þ s66/0N þ
Z y
h2
ðs12/00N  s12XN  s22Y N Þdn
" #
¼ aN2 þ ðN  1Þ½ðs16/0N1Þ0 þ aN1s16y=s11 þ bN1s16=s11 þ ðY 6N1ðyÞÞ0
þ NðN  1ÞfaN ½s16g010ðyÞ  s66f10ðyÞ  f 210ðyÞ þ bN ½s16g000ðyÞ  s66f10ðyÞ  f 200ðyÞ
þ cN ðs216=s11  s66Þ  s66zN00ðyÞ  Y 2N ðyÞ þ s16½zN10ðyÞ0  ðs12/NÞ0g; ð31Þwheref 2mnðyÞ ¼
1
n!
Z y
h2
s12ðnÞnmðy  nÞn
s11ðnÞ dn ðm; n ¼ 0; 1; 2; . . .Þ; ð32Þ
Y 2kðyÞ ¼
Z y
h2
s212ðnÞ
s11ðnÞ  s22ðnÞ
 
Y kðnÞdn ðk ¼ N ;N  1; . . . ; 1; 0Þ: ð33ÞIntegration of Eq. (31) yields/00N2 ¼ aN2y=s11 þ bN2=s11 þ ðN  1Þ½aN1g010ðyÞ þ bN1g000ðyÞ þ cN1s16=s11 þ ðzN110 ðyÞÞ0
þ NðN  1ÞfaN ½g610ðyÞ0 þ bN ½g600ðyÞ0 þ cNh00ðyÞ  dNs12=s11 þ ½zN20ðyÞ0g þ XN2 þ s12Y N2=s11;
ð34Þ
whereg6mnðyÞ ¼
1
n!
Z y
h2
½s16ðnÞgm0ðnÞ  s12ðnÞfm1ðnÞ þ BmðnÞðy  nÞn
s11ðnÞ dn; ð35Þ
hnðyÞ ¼ 1n!
Z y
h2
½s16ðnÞf 600ðnÞ  s12ðnÞnþ B00ðnÞðy  nÞn
s11ðnÞ dn; ð36Þ
zk2nðyÞ ¼
1
n!
Z y
h2
½s16ðnÞzk10ðnÞ  s12ðnÞzk01ðnÞ  zkðnÞðy  nÞn
s11ðnÞ dn; ð37Þ
BmðyÞ ¼
Z y
h2
½s16ðnÞg0m0ðnÞ  s66ðnÞfm0ðnÞ  f 2m0ðnÞdn; ð38Þ
B00ðyÞ ¼
Z y
h2
½s216ðnÞ=s11ðnÞ  s66ðnÞdn; ð39Þ
zNðyÞ ¼
Z y
h2
s66ðnÞ  s
2
16ðnÞ
s11ðnÞ
 
zN00ðnÞ þ Y 2N ðnÞ 
s16ðnÞ
s11ðnÞ Y
6
NðnÞ
 
dn; ð40Þwhere m,n = 0,1,2, . . . and k = N,N  1, . . . , 1,0.
Integration of Eq. (34) yields/0N2 ¼ aN2f10ðyÞ þ bN2f00ðyÞ þ cN2 þ ðN  1Þ½aN1g10ðyÞ þ bN1g00ðyÞ þ cN1f 600ðyÞ þ zN110 ðyÞ
þ NðN  1Þ½aNg610ðyÞ þ bNg600ðyÞ þ cNh0ðyÞ  dNf 200ðyÞ þ zN20ðyÞ þ zN200 ðyÞ; ð41Þ
/N2 ¼ aN2f11ðyÞ þ bN2f01ðyÞ þ cN2y þ dN2 þ ðN  1Þ½aN1g11ðyÞ þ bN1g01ðyÞ þ cN1f 601ðyÞ
þ zN111 ðyÞ þ NðN  1Þ½aNg611ðyÞ þ bNg601ðyÞ þ cNh1ðyÞ  dNf 201ðyÞ þ zN21ðyÞ þ zN201 ðyÞ: ð42Þ
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When N = 1, we can readily obtain /1 from Eq. (20), and /0 from Eq. (30). When N = 2, we can easily deter-
mine /2 from Eq. (20), /1 from Eq. (30), and /0 from Eq. (42) . . . Thus, for an arbitrary N, the expressions for
all /k (k = N,N  1, . . . ,1,0) can be determined.
4. Axial force, bending moment, shear force and displacements
It is easy to obtain expressions of the axial force T, the bending momentM and the shear force Q from Eqs.
(4), (9) and (12)T ¼
Z h
2
h2
rx dy ¼
XN
k¼0
xk /0k
h
2
 
 /0k 
h
2
 

Z h
2
h2
X kðnÞdn
" #
; ð43Þ
M ¼
Z h
2
h2
rxy dy ¼
XN
k¼0
xk
h
2
/0k
h
2
 
þ /0k 
h
2
  
 /k
h
2
 
þ /k 
h
2
 

Z h
2
h2
X kðnÞndn
( )
; ð44Þ
Q ¼
Z h
2
h2
sxy dy ¼
XN
k¼1
kxk1 /k 
h
2
 
 /k
h
2
  
: ð45ÞSubstituting Eqs. (2), (9) and (12) into Eq. (6), assuming N1 = N2 = N as before, through integration and by
virtue of Eq. (16), we obtain displacement expressionsu ¼
XN
k¼0
1
k þ 1 x
kþ1ðs11/00k  s11X k  s12Y kÞ þ
XN
k¼2
kxk1s12/k 
XN
k¼1
xks16/
0
k 
Z y
h2
F ðnÞdnþ xy þ u0;
v ¼
XN
k¼0
xk
Z y
h2
ðs12/00k  s12Xk  s22Y kÞdn
x2ak
ðk þ 1Þðk þ 2Þ
" #
þ
XN
k¼2
kðk  1Þxk2
Z y
h2
s22/k dn

XN
k¼1
kxk1
Z y
h2
s26/
0
k dn xxþ v0;
ð46ÞwhereF ðyÞ ¼ s66/01  2s26/2  s16/000 þ s16X 0 þ s26Y 0 þ
Z y
h2
½s12/001  2s26/02 þ 6s22/3  s12X 1  s22Y 1dn: ð47ÞFrom Eq. (46), we ﬁnd that the integral constants u0, v0 and x represent rigid body displacements, which can
be determined from the boundary conditions of a speciﬁc problem.
5. Boundary conditions
For the equilibrium problem corresponding to the stress function in Eq. (12), the boundary conditions at
y = ±h/2 arery ¼ p1ðxÞ ¼
XN3
k¼0
p1kx
k; sxy ¼ s1ðxÞ ¼
XN4
k¼0
s1kxk at y ¼ h=2; ð48Þ
ry ¼ p2ðxÞ ¼
XN5
k¼0
p2kx
k; sxy ¼ s2ðxÞ ¼
XN6
k¼0
s2kxk at y ¼ h=2; ð49Þwhere p1k, p2k, s1k and s2k are all known constants.
We further consider the boundary conditions at two ends in the following:
1. Free end
The boundary conditions areQ ¼ Q; T ¼ T ; M ¼ M at x ¼ 0 or x ¼ l; ð50Þ
where Q, T and M are prescribed resultant forces.
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The boundary conditions areu ¼ 0; v ¼ 0; ov
ox
¼ 0 or ou
oy
¼ 0 at point ð0; 0Þ or ðl; 0Þ; ð51Þwhere and hereafter, (a,b) indicates, as usual, a point with x-coordinate a and y-coordinate b.
3. Hinged end
The boundary conditions areT ¼ 0; M ¼ 0 at x ¼ 0 or x ¼ l; v ¼ 0 at point ð0; 0Þ; v ¼ 0 at point ðl; 0Þ: ð52ÞFor simply supported beams with two ends hinged, considering the equilibrium of the whole beam (see
Fig. 1), can give the equivalent expressions of boundary conditions that are more convenient for application.
Assuming that the following equation is validZ l
0
s1ðxÞdx
Z l
0
s2ðxÞdxþ
XN
k¼0
lkþ1
k þ 1
Z h
2
h2
X kðyÞdy ¼ 0; ð53Þwe can give the boundary conditions for simply supported beams at the two ends asT 0 ¼ 0; ð54aÞ
M0 ¼ 0 ð54bÞandQ0 ¼
1
l
Z l
0
ðl xÞ½p1ðxÞ  p2ðxÞdxþ
h
2l
Z l
0
½s1ðxÞ þ s2ðxÞdxþ
XN
k¼0
lkþ1
ðk þ 1Þðk þ 2Þ
Z h
2
h2
Y 0kðyÞdy
þ
XN
k¼1
lk1
Z h
2
h2
yX kðyÞdy; ð54cÞ
u ¼ v ¼ 0 at point ð0; 0Þ; ð55Þ
v ¼ 0 at point ðl; 0Þ: ð56ÞObviously, if there is no body force and tangential forces applied at the boundaries, Eq. (53) always holds.
Q0, T0 and M0 in Eq. (54), which denote the shear force, axial load and bending moment at x = 0, can be
expressed with stress function by virtue of Eqs. (43)–(45)Q0 ¼ /1 
h
2
 
 /1
h
2
 
; ð57Þ
T 0 ¼ /00
h
2
 
 /00 
h
2
 
; ð58Þ
M0 ¼ h
2
/00
h
2
 
þ /00 
h
2
  
 /0
h
2
 
þ /0 
h
2
 
: ð59Þ6. Applications
With the formulations presented above, the procedure for solving speciﬁc boundary value problem is as
follows. Firstly, determine N in Eq. (12) according to the load condition. In fact, from Eqs. (4), (9), (12),
(48) and (49), we know that N = max[X1,X2,X3,X4,X5,X6], where X1 = N1 if X5 0 and X1 = 0 if X = 0,
X2 = N2 + 2 if Y5 0 and X2 = 0 if Y = 0, X3 = N3 + 2 if p15 0 and X3 = 0 if p1 = 0, X4 = N4 + 1 if
s15 0 and X4 = 0 if s1 = 0, X5 = N5 + 2 if p25 0 and X5 = 0 if p2 = 0, and X6 = N6 + 1 if s25 0 and
X6 = 0 if s2 = 0. Whereas in theoretical study, N must be given or assumed a priori, and consequently, it is
demanded that N1 6 N, N2 6 N  2, N3 6 N  2, N4 6 N  1, N5 6 N  2 and N6 6 N  1, which implies
that, in application of Eq. (16) or Eq. (15), we must set YN(y) = 0 and YN1(y) = 0. Secondly, it can be found
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Eq. (12) contains a total of 4(N + 1) integral constants. Since the linear terms involving d1, c0 and d0 make no
contribution to the stress ﬁeld, we shall omit c0y and d0 in the expression of /0, and omit d1 in the expression
of /1, and totally 4N + 1 constants will appear in the expressions of stresses. The boundary conditions at
y ± h/2 as in Eqs. (48) and (49) will give 2(N  1) + 2N = 4N  2 algebraic equations, and the boundary con-
ditions at the two ends of the beam will provide another six algebraic equations. Therefore, we have 4N + 4
algebraic equations all together, which can be used to determine 4N + 4 arbitrary constants, i.e. aN, bN, cN, dN,
aN1, bN1, cN1, dN1, . . ., a2, b2, c2, d2, a1, b1, c1, a0, b0, u0, v0 and x.
Firstly, we investigate the application of the stress function represented by Eq. (12) when N = 0. No body
force will be considered in this case, because when N = 0, it is demanded that X = X0= 0 and Y = Y0= 0.
From Eq. (20), we have/ ¼ /0 ¼ a0f11ðyÞ þ b0f01ðyÞ: ð60Þ
Substituting it into the stress expressions in Eq. (4), we obtainrx ¼ o
2/
oy2
¼ a0 ys11 þ b0
1
s11
; ry ¼ o
2/
ox2
¼ 0; sxy ¼  o
2/
oxoy
¼ 0: ð61ÞThis solution corresponds to a beam under simple tension and pure bending, as detailed in the following
example.
Example 6.1 (Beam under simple tension and pure bending). The axial force and bending moment in any
section of the beam areT ¼
Z þh2
h2
rx dy ¼ a0f10 h
2
 
þ b0f00 h
2
 
; M ¼
Z þh2
h2
rxy dy ¼ a0f20 h
2
 
þ b0f10 h
2
 
: ð62ÞIf T 0 ¼ T l ¼ T and M0 ¼ Ml ¼ M are prescribed at the two ends of the beam (x = 0 and x = l), we obtain
from Eq. (62)a0 ¼ ðH 0M  H 1T Þ=H 02; b0 ¼ ðH 2T  H 1MÞ=H 02; ð63Þ
whereH 0 ¼ f00ðh=2Þ; H 1 ¼ f10ðh=2Þ; H 2 ¼ f20ðh=2Þ; H 02 ¼ H 0H 2  H 21: ð64Þ
Substitution of Eq. (63) into Eq. (61) yieldsrx ¼ 1s11H 02 ½ðH 0M  H 1T Þy  H 1M þ H 2T ; ry ¼ sxy ¼ 0: ð65ÞWhen T 6¼ 0; M ¼ 0, it is a tension or compression problem, and when T ¼ 0; M 6¼ 0, it is a bending prob-
lem. For homogeneous anisotropic materials, s11(y) = const., and it can be shown that H1 = 0, H0 = h/s11 and
H2 = h
3/(12s11). Substituting these into Eq. (65), we obtainrx ¼ MyJ þ
T
A
; ry ¼ 0; sxy ¼ 0; ð66Þwhere J = h3/12 and A = h. Eq. (66) coincides with the classical results of a homogeneous anisotropic beam
(Gere and Timoshenko, 1984), for which the stresses are independent of material constants.
Secondly, we investigate the application of the stress function represented by Eq. (12) when N = 1. In this
case, it is required that YN = Y1 = 0 and YN1 = Y0 = 0, implyingX ¼ xX 1ðyÞ; Y ¼ 0: ð67Þ
The corresponding body forces are easily obtained Fx = X1(y) and Fy = 0.
The stress function is/ ¼ /0 þ x/1: ð68Þ
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/0 ¼ a1g11ðyÞ þ b1g01ðyÞ þ c1f 601ðyÞ þ a0f11ðyÞ þ b0f01ðyÞ þ z111ðyÞ þ z001ðyÞ: ð70ÞSubstituting Eqs. (67) and (68) into Eq. (4), and by virtue of Eqs. (69) and (70), we obtainrx ¼ a1 s16ðyÞf10ðyÞ þ f
6
10ðyÞ
s11ðyÞ þ b1
s16ðyÞf00ðyÞ þ f 600ðyÞ
s11ðyÞ þ c1
s16ðyÞ
s11ðyÞ
þ a0 ys11ðyÞ þ b0
1
s11ðyÞ þ z
1
00ðyÞ
s16ðyÞ
s11ðyÞ þ x a1
y
s11ðyÞ þ b1
1
s11ðyÞ
 
;
ry ¼ 0; sxy ¼ a1f10ðyÞ  b1f00ðyÞ  c1  z100ðyÞ:
ð71ÞSubstitution of Eqs. (69) and (70) into Eqs. (57)–(59), yieldsQ0 ¼ a1f11
h
2
 
 b1f01 h
2
 
 c1h z101
h
2
 
;
T 0 ¼ a1g10
h
2
 
þ b1g00
h
2
 
þ c1f 600
h
2
 
þ a0f10 h
2
 
þ b0f00 h
2
 
þ z110
h
2
 
;
M0 ¼ h
2
g10
h
2
 
 g11
h
2
  
a1 þ h
2
g00
h
2
 
 g01
h
2
  
b1 þ h
2
f 600
h
2
 
 f 601
h
2
  
c1
þ h
2
f10
h
2
 
 f11 h
2
  
a0 þ h
2
f00
h
2
 
 f01 h
2
  
b0 þ h
2
z110
h
2
 
 z111
h
2
 
:
ð72ÞExample 6.2 (Cantilever beam subjected to a transverse force P at the free end ). In absence of body force, we
obtain from Eq. (71) and the boundary conditions ry = sxy = 0 at y = ±h/2c1 ¼ 0; ð73Þ
a1f10
h
2
 
þ b1f00 h
2
 
¼ 0: ð74ÞBy virtue of Eq. (72) and the boundary conditions at the free end, i.e. Q0 = P, T0 = 0 and M0 = 0, we
obtaina1f11
h
2
 
þ b1f01 h
2
 
¼ P ; ð75Þ
a1g10
h
2
 
þ b1g00
h
2
 
þ a0f10 h
2
 
þ b0f00 h
2
 
¼ 0; ð76Þ
a1
h
2
g10
h
2
 
 g11
h
2
  
þ b1 h
2
g00
h
2
 
 g01
h
2
  
þ a0 h
2
f10
h
2
 
 f11 h
2
  
þ b0 h
2
f00
h
2
 
 f01 h
2
  
¼ 0: ð77ÞFrom Eqs. (74)–(77), we obtaina1 ¼ PA1; b1 ¼ PD1; a0 ¼ PA2; b0 ¼ PD2; ð78Þ
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H 3 ¼ f01ðh=2Þ ¼ H 0h=2 H 1; H 4 ¼ f11ðh=2Þ ¼ H 1h=2 H 2;
A2 ¼ ðH 0G2  H 1G1Þ=H 02; D2 ¼ ðH 2G1  H 1G2Þ=H 02;
G1 ¼ D1g00ðh=2Þ  A1g10ðh=2Þ ¼ ½H 1g00ðh=2Þ  H 0g10ðh=2Þ=H 04;
G2 ¼ h
2
G1  D1g01ðh=2Þ þ A1g11ðh=2Þ ¼
h
2
G1  ½H 1g01ðh=2Þ  H 0g11ðh=2Þ=H 04:
ð79ÞSubstitution of Eq. (78) into Eq. (71) yieldsrx ¼ Ps11ðyÞ fA2y þ D2 þ A1½xy þ s16ðyÞf10ðyÞ þ f
6
10ðyÞ  D1½xþ s16ðyÞf00ðyÞ þ f 600ðyÞg;
ry ¼ 0; sxy ¼ P ½D1f00ðyÞ  A1f10ðyÞ:
ð80ÞIf s16 = 0, then we have f 6ijðyÞ ¼ 0 and gij(y) = 0, which in turn gives G1 = 0, G2 = 0, A2 = 0 and D2 = 0.
Thus Eq. (80) can be simpliﬁed torx ¼ PxH 04s11ðyÞ ðH 0y  H 1Þ; ry ¼ 0; sxy ¼
P
H 04
½H 1f00ðyÞ  H 0f10ðyÞ: ð81ÞSuperposing the solution of Eq. (65) for T ¼ 0 on Eq. (81), and noting that H04 = H02, we obtainrx ¼ M  PxH 02s11ðyÞ ðH 0y  H 1Þ; ry ¼ 0; sxy ¼
P
H 02
½H 0f10ðyÞ  H 1f00ðyÞ: ð82ÞEq. (82) can be rewritten asrx ¼ 6ðM  PxÞS E1ðyÞð2S1y  S2Þ; ry ¼ 0; sxy ¼
6P
S
Z y
h2
E1ðnÞð2S1n S2Þdn; ð83aÞwhere E1(y) = 1/s11(y) andS1 ¼ H 0 ¼
Z h=2
h=2
E1ðyÞdy; S2 ¼ 2H 1 ¼ 2
Z h=2
h=2
yE1ðyÞdy;
S ¼ 12H 02 ¼ 12
Z h=2
h=2
E1ðyÞdy
Z h=2
h=2
y2E1ðyÞdy 
Z h=2
h=2
yE1ðyÞdy
 !224
3
5:
ð83bÞComparing Eq. (83) with Eqs. (19.8) and (19.9) in Lekhnitskii (1968) shows a good agreement in form, and
hence the two expressions of the location of neutral axes y0 = H1/H0 = S2/(2S1) also have the same form.
However, because the coordinate origin in our analysis is different from that in Lekhnitskii (1968), different
values of y should be adopted in the two solutions for the same point in the beam. Furthermore, it should also
be noticed that the only condition for Eq. (83) being valid is s16 = 0, i.e. it is not necessary that the material is
orthotropic, while the results of Lekhnitskii (1968) were obtained for orthotropic materials.
The integral constants u0, v0, and x can be determined from the boundary conditions at the ﬁxed end:
u = v = 0, ov/ox = 0 or ou/oy = 0, at point (l, 0).
For homogeneous anisotropic beams, we can obtain G1 = 2s16/s11, A1 = 12s11/h3, D1 = 0, A2 = 0, and
D2 = 2s16/h by virtue of the coeﬃcients in Appendix. Substituting these into Eq. (80), givesrx ¼  PJ xy þ
P
J
s16
s11
h2
12
 y2
 
; ry ¼ 0; sxy ¼  P
2J
h2
4
 y2
 
; ð84Þwhich coincides with the solution given in Lekhnitskii (1968).
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X0(y) = 0, we have, YN = Y2 = 0 and YN1 = Y1 = 0. HenceX ¼ xX 1ðyÞ þ x2X 2ðyÞ; Y ¼ Y 0ðyÞ: ð85ÞThe body forces corresponding to Eq. (85) are easily obtained as Fx = X1(y) + 2xX2(y) and F y ¼ Y 00ðyÞ.
The stress function takes the following form/ ¼ /0 þ x/1 þ x2/2: ð86ÞFrom Eqs. (20), (30) and (42), we obtain/2 ¼ a2f11ðyÞ þ b2f01ðyÞ þ c2y þ d2 þ z201ðyÞ; ð87Þ
/1 ¼ 2½a2g11ðyÞ þ b2g01ðyÞ þ c2f 601ðyÞ þ a1f11ðyÞ þ b1f01ðyÞ þ c1y þ 2z211ðyÞ þ z101ðyÞ; ð88Þ
/0 ¼ 2½a2g611ðyÞ þ b2g601ðyÞ þ c2h1ðyÞ  d2f 201ðyÞ þ a1g11ðyÞ þ b1g01ðyÞ þ c1f 601ðyÞ þ z111ðyÞ
þ a0f11ðyÞ þ b0f01ðyÞ þ 2z221ðyÞ þ z001ðyÞ: ð89ÞEq. (4) givesrx ¼ /000 þ x/001 þ x2/002  xX 1  x2X 2; ry ¼ 2/2  Y 0; sxy ¼ /01  2x/02: ð90Þ
It is obtained from Eqs. (57)–(59) that,Q0 ¼ /1 
h
2
 
 /1
h
2
 
¼  h
2
c1  /1
h
2
 
; ð91Þ
T 0 ¼ /00
h
2
 
 /00 
h
2
 
¼ /00
h
2
 
; ð92Þ
M0 ¼ h
2
/00
h
2
 
þ /00 
h
2
  
 /0
h
2
 
þ /0 
h
2
 
¼ h
2
/00
h
2
 
 /0
h
2
 
: ð93ÞFrom Eq. (46) and by virtue of Eq. (47), we obtainu ¼ xðs11/000  s12Y 0Þ þ
1
2
x2ðs11/001  s11X 1Þ þ
1
3
x3ðs11/002  s11X 2Þ
þ 2xs12/2  xs16/01  x2s16/02 
Z y
h2
F ðnÞdnþ xy þ u0;
v ¼
Z y
h2
ðs12/000  s22Y 0Þdn
x2a0
2
þ x
Z y
h2
ðs12/001  s12X 1Þdn
x2a1
2  3
" #
þ x2
Z y
h2
ðs12/002  s12X 2Þdn
x2a2
3  4
" #
þ
Z y
h2
s22/2 dn
Z y
h2
s26/
0
1 dn 2x
Z y
h2
s26/
0
2 dn xxþ v0; ð94ÞwhereF ðyÞ ¼ s66/011  2s26/2  s16/000 þ s26Y 0 þ
Z y
h2
½s12/001  2s26/02  s12X 1dn: ð95ÞIn the following, we ﬁrst present the analytical solution for a cantilever beam subjected to body forces,
which is then followed by the solution for the beam subjected to surface loads.
Example 6.3 (Cantilever beam subjected to body forces Fx = X1(y) + 2xX2(y), F y ¼ Y 00ðyÞ). By virtue of the
boundary conditions sxy = ry = 0 at y = ±h/2 we obtain from Eq. (90)/01ðh=2Þ ¼ 0; /02ðh=2Þ ¼ 0; 2/2ðh=2Þ  Y 0ðh=2Þ ¼ 0: ð96Þ
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a2f10ðh=2Þ þ b2f00ðh=2Þ þ z200ðh=2Þ ¼ 0; ð98Þ
a1f10ðh=2Þ þ b1f00ðh=2Þ þ 2a2g10ðh=2Þ þ 2b2g00ðh=2Þ þ 2z210ðh=2Þ þ z100ðh=2Þ ¼ 0; ð99Þ
2d2  Y 0ðh=2Þ ¼ 0; ð100Þ
2a2f11ðh=2Þ þ 2b2f01ðh=2Þ þ 2d2 þ 2z201ðh=2Þ  Y 0ðh=2Þ ¼ 0: ð101ÞEq. (100) immediately determines d2, substitution of which into Eq. (101) gives2a2f11ðh=2Þ þ 2b2f01ðh=2Þ þ 2z201ðh=2Þ þ Y 0ðh=2Þ  Y 0ðh=2Þ ¼ 0: ð102Þ
From Eqs. (102) and (98), we can obtain a2 and b2. By virtue of the boundary conditions Q0 = 0, T0 = 0
and M0 = 0 at the free end x = 0, the substitution of Eqs. (88) and (89) into Eqs. (91)–(93) yieldsa1f11ðh=2Þ þ b1f01ðh=2Þ þ 2a2g11ðh=2Þ þ 2b2g01ðh=2Þ þ 2z211ðh=2Þ þ z101ðh=2Þ ¼ 0; ð103Þ
a0f10ðh=2Þ þ b0f00ðh=2Þ þ a1g10ðh=2Þ þ b1g00ðh=2Þ þ 2a2g610ðh=2Þ þ 2b2g600ðh=2Þ  2d2f 200ðh=2Þ
þ z110ðh=2Þ þ 2z220ðh=2Þ þ z000ðh=2Þ ¼ 0; ð104Þ
a0f11ðh=2Þ þ b0f01ðh=2Þ þ a1g11ðh=2Þ þ b1g01ðh=2Þ þ 2a2g611ðh=2Þ þ 2b2g601ðh=2Þ
 2d2f 201ðyÞ þ z111ðh=2Þ þ 2z221ðh=2Þ þ z001ðh=2Þ ¼ 0: ð105Þ
From Eqs. (99) and (103), we can obtain a1 and b1. Then by noticing Eq. (100), a0 and b0 can be determined
from Eqs. (104) and (105). Hence we have completely derived the stress components in Eq. (90) as well as the
stress function. The constants u0, v0 and x in the displacements can be determined from the ﬁxed boundary
conditions u = v = 0, ov/ox = 0 or ou/oy = 0 at point (l, 0).
Consider the case of X = x2a/2 and Y = by, where a and b are known constants. This type of body force
corresponds to the beam under tension and bending, induced by a centrifugal force in x-direction and gravity
in y-direction. When sij = const., we obtain from Eqs. (97)–(105)a2 ¼ 6bs11=h2; b2 ¼ as11=2; c2 ¼ 0; d2 ¼ bh=4; a1 ¼ as16; b1 ¼ s16ðah 4bÞ=2;
c1 ¼ 0; a0 ¼  4s
2
16
5s11
bþ 6
5
s66bþ 7
5
s12b s12ah
2
; b0 ¼ h
6
ð3b ahÞs12 þ hbs66
2
: ð106ÞHence we obtain the stresses and displacements as followsrx ¼  6x
2y
h2
b x
2
2
aþ 2 2s11s12 þ s11s66  4s
2
16
s11h
2
y3  12s16
h2
xy2  3s66
10
 6s
2
16
5s11
þ 3s12
5
 
y þ s16x
 
b
s11
þ ð12y2  h2Þ s12
24s11
a;
ry ¼ 2b
h2
y
h2
4
 y2
 
; sxy ¼  bðh 2yÞðhþ 2yÞð2s16y þ 3s11xÞ
2s11h
2
: ð107ÞNow, we investigate the equilibrium problem of the beam subjected to a uniform load q applied on its upper
surface. In absence of body force, i.e. X = Y = 0, we have zkijðyÞ ¼ 0. From the boundary conditions sxy = 0 at
y = ±h/2, ry = 0 at y = h/2, and ry = q at y = h/2, we obtain from Eq. (90) that/02ðh=2Þ ¼ 0; /01ðh=2Þ ¼ 0; /2ðh=2Þ ¼ 0; 2/2ðh=2Þ ¼ q: ð108Þ
The substitution of Eqs. (87) and (88) into Eq. (108) yieldsc2 ¼ 0; c1 ¼ 0; ð109aÞ
a2f10ðh=2Þ þ b2f00ðh=2Þ ¼ 0; ð109bÞ
a1f10ðh=2Þ þ b1f00ðh=2Þ þ 2a2g10ðh=2Þ þ 2b2g00ðh=2Þ ¼ 0; ð109cÞ
2d2 ¼ q; ð109dÞ
a2f11ðh=2Þ þ b2f01ðh=2Þ þ d2 ¼ 0: ð109eÞ
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and b0 from the boundary conditions at the two ends. In the following, we will consider three kinds of beams:
the cantilever beam, the simply supported beam, the ﬁxed–ﬁxed beam.
Example 6.4 (The cantilever beam). The boundary conditions are, T0 = 0, M0 = 0 and Q0 = 0 at x = 0, and
u = v = 0, ov/ox = 0 or ou/oy = 0 at (l, 0). From Eqs. (91)–(93), we obtaina0f10ðh=2Þ þ b0f00ðh=2Þ þ a1g10ðh=2Þ þ b1g00ðh=2Þ þ 2a2g610ðh=2Þ þ 2b2g600ðh=2Þ  2d2f 200ðh=2Þ ¼ 0;
ð110aÞ
a0f11ðh=2Þ þ b0f01ðh=2Þ þ a1g11ðh=2Þ þ b1g01ðh=2Þ þ 2a2g611ðh=2Þ þ 2b2g601ðh=2Þ  2d2f 201ðh=2Þ ¼ 0;
ð110bÞ
a1f11ðh=2Þ þ b1f01ðh=2Þ þ 2a2g11ðh=2Þ þ 2b2g01ðh=2Þ ¼ 0: ð110cÞ
Obviously, a1 and b1 can be determined from Eqs. (109c) and (110c), while a0 and b0 from Eqs. (110a) and
(110b). The expressions for these constants are obtained asa2 ¼ qA1=2; b2 ¼ qD1=2; c2 ¼ 0; d2 ¼ q=2;
a1 ¼ qA3; b1 ¼ qD3; c1 ¼ 0; a0 ¼ qA4; b0 ¼ qD4;
ð111aÞwhere A1 and D1 were given in Eq. (79), andA3 ¼ ðH 0G3  H 3G1Þ=H 04; D3 ¼ ðH 4G1  H 1G3Þ=H 04;
A4 ¼ ðH 0G5  H 3G4Þ=H 04; D4 ¼ ðH 4G4  H 1G5Þ=H 04;
ð111bÞwhere Hi and G1 were given in Eqs. (64) and (79), andG3 ¼ ½H 1g01ðh=2Þ  H 0g11ðh=2Þ=H 04;
G4 ¼ D1g600ðh=2Þ  A1g610ðh=2Þ  A3g10ðh=2Þ  D3g00ðh=2Þ  f 200ðh=2Þ;
G5 ¼ D1g601ðh=2Þ  A1g611ðh=2Þ  A3g11ðh=2Þ  D3g01ðh=2Þ  f 201ðh=2Þ:
ð111cÞSubstituting Eq. (111a) into Eq. (90), and by virtue of Eqs. (87)–(89), we obtainrx ¼ qs11 fA4y þ D4 þ A3½xy þ s16f10ðyÞ þ f
6
10ðyÞ þ D3½xþ s16f00ðyÞ þ f 600ðyÞ
þ A1½x2y=2þ s16xf 10ðyÞ þ xf 610ðyÞ þ s16g10ðyÞ  s12f11ðyÞ þ B1ðyÞ
 D1½x2=2þ s16xf 00ðyÞ þ xf 600ðyÞ þ s16g00ðyÞ  s12f01ðyÞ þ B0ðyÞ þ s12g;
ry ¼ q½A1f11ðyÞ  D1f01ðyÞ  1;
sxy ¼ qfA3f10ðyÞ þ D3f00ðyÞ þ A1½xf 10ðyÞ þ g10ðyÞ  D1½xf 00ðyÞ þ g00ðyÞg: ð112ÞFor homogeneous anisotropic materials, i.e. sij = const., noticing the expressions in Appendix, we obtainA1 ¼ 12s11=h3; D1 ¼ 0; A3 ¼ 0; D3 ¼ 2s16=h;
A4 ¼ 2ð6s11s12 þ 3s11s66  2s216Þ=ð5s11hÞ; D4 ¼ s66=2:
ð113ÞSubstitution of Eq. (114) into Eq. (112) yieldsrx ¼  6q
h3
x2y þ q s16
s11
1 12 y
2
h2
 
x
h
þ 2 2s12 þ s66
4s11
 s
2
16
s211
 
4y3
h3
 3y
5h
  
;
ry ¼  qðy þ hÞðh 2yÞ
2
2h3
; sxy ¼ qð2y  hÞð2y þ hÞð2s16y þ 3s11xÞ
2s11h
3
: ð114ÞEq. (114) coincides with the results of a homogeneous anisotropic beam presented by Lekhnitskii (1968) and
Hashin (1967).
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displacement components.
Example 6.5 (The simply supported beam). Because Eq. (53) is valid for the current problem of simply sup-
ported beam, we shall take Eqs. (54)–(56) as the boundary conditions, among which Eq. (54c) becomes
Q0 = ql/2. Calculating Q0 with Eqs. (91) and (88), we obtaina1f11ðh=2Þ þ b1f01ðh=2Þ þ 2a2g11ðh=2Þ þ 2b2g01ðh=2Þ ¼ ql=2: ð115ÞThe following expressions for a2, b2, c2, d2, a1, b1, c1, a0 and b0 then can be obtained from Eqs. (109), (110a),
(110b) and (115),a2 ¼ qA1=2; b2 ¼ qD1=2; c2 ¼ 0; d2 ¼ q=2;
a1 ¼ qA3; b1 ¼ qD3; c1 ¼ 0; a0 ¼ qA4; b0 ¼ qD4;
ð116aÞwhere A1 and D1 were given in Eq. (79), andA3 ¼ A3 þ DA3; D3 ¼ D3 þ DD3; A4 ¼ A4 þ DA4; D4 ¼ D4 þ DD4 ð116bÞ
with A3, D3, A4 and D4 shown in Eq. (111b), andDA3 ¼ lH 0=ð2H 04Þ; DD3 ¼ lH 1=ð2H 04Þ;
DA4 ¼ l½H 20g11ðh=2Þ  H 0H 1g01ðh=2Þ  H 3H 0g10ðh=2Þ þ H 3H 1g00ðh=2Þ=ð2H 204Þ;
DD4 ¼ l½H 4H 0g10ðh=2Þ  H 4H 1g00ðh=2Þ  H 1H 0g11ðh=2Þ þ H 21g01ðh=2Þ=ð2H 204Þ:
ð116cÞBy virtue of Eqs. (87)–(89) and (116a), we readily obtain the stresses from Eq. (90)rx ¼ qs11 fA

4y þ D4 þ A3½xy þ s16f10ðyÞ þ f 610ðyÞ þ D3½xþ s16f00ðyÞ þ f 600ðyÞ
þ A1½x2y=2þ s16xf 10ðyÞ þ xf 610ðyÞ þ s16g10ðyÞ  s12f11ðyÞ þ B1ðyÞ
 D1½x2=2þ s16xf 00ðyÞ þ xf 600ðyÞ þ s16g00ðyÞ  s12f01ðyÞ þ B0ðyÞ þ s12g;
ry ¼ q½A1f11ðyÞ  D1f01ðyÞ  1;
sxy ¼ qfA3f10ðyÞ þ D3f00ðyÞ þ A1½xf 10ðyÞ þ g10ðyÞ  D1½xf 00ðyÞ þ g00ðyÞg: ð117ÞFor homogeneous materials with sij = const., by using the formulations in Appendix, we obtain from Eq.
(116c)DA3 ¼ 6ls11=h3; DD3 ¼ 0; DA4 ¼ 0; DD4 ¼ ls16=h: ð118Þ
The stresses can be calculated from Eq. (117) by virtue of Eqs. (116b), (113) and (118) asrx ¼ 6
h3
qðl xÞxy þ s16q
2s11h
ð2x lÞ 1 12 y
2
h2
 
þ 2q 2s12 þ s66
4s11
 s
2
16
s211
 
4y3
h3
 3y
5h
 
;
ry ¼  qðy þ hÞðh 2yÞ
2
2h3
; sxy ¼ qð4y
2  h2Þð4s16y  3s11lþ 6s11xÞ
4s11h
3
: ð119ÞEq. (119) coincides with the results for homogeneous anisotropic beams derived by Hashin (1967).
From the boundary conditions in Eqs. (55) and (56), the constants u0 , v0 and x can be determined, thus the
displacement expressions as in Eq. (94) are absolutely determined.
Substituting 2l for l and x + l for x in Eq. (119), we obtain the stresses in the coordinate system with the
origin locating at the middle span of the beam with length 2l. One stress component isrx ¼ q
2J
ðl2  x2Þy þ q s16
s11
x
h
1 12 y
2
h2
 
þ 2 s
2
16
s211
 2s12 þ s66
4s11
 
 4y
3
h3
þ 3y
5h
  
: ð120Þ
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2J
ðl2  x2Þy þ q  s16
s11
x
h
1 12 y
2
h2
 
þ 2 s
2
16
s211
 2s12 þ s66
4s11
 
 4y
3
h3
þ 3y
5h
  
: ð121ÞOn substituting Eq. (121) and sxy in Eq. (119) into Eq. (1), we ﬁnd the equilibrium equations cannot be sat-
isﬁed. Actually, by comparing with Eq. (120), it is seen that Eq. (121) contains an incorrect sign.
Example 6.6 (Fixed–fixed beam). The boundary conditions are u = v = 0, ov/ox = 0 or ou/oy = 0 at (0,0) and
(l, 0). Obviously, c1, c2, d2, a2 and b2 can be calculated from Eqs. (109a), (109b), (109d), and (109e). By virtue
of the boundary conditions at the two ends, together with Eq. (109c), we have seven independent equations to
solve for seven unknowns a1, b1, a0, b0, u0, v0 and x. Hence the stresses in Eq. (90) and displacements in Eq.
(94) are determined. They will not be presented here because their expressions are too lengthy.
For homogeneous materials with sij = const., if the ﬁxed boundary conditions at the two ends are adopted
as u = v = 0 and ov/ox = 0, we can getrx ¼ ð6x2  6xlþ l2Þ qy
h3
þ s11s66 þ 2s11s12  4s
2
16
2s211h
3
qyð4y2  h2Þ þ s16
2s11h
3
qðl 2xÞð12y2  h2Þ
þ s12
2s11h
qðh yÞ  s66
s11h
qy;
ry ¼  qðy þ hÞðh 2yÞ
2
2h3
; sxy ¼ q
4h3
ð4y2  h2Þ 4 s16
s11
y þ 3ð2x lÞ
 
: ð122Þ
u ¼ 3s11s16s66  4s
3
16  2s26s211 þ 4s11s12s16
2s211h
3
qy4 þ ðs11s66 þ s11s12  2s
2
16Þð2x lÞ
s11h
3
qy3
 3 x
2s16
h3
 3 xls16
h3
þ l
2s16
2h3
þ 5s12s16 þ 5s16s66
4s11h
 3s26
2h
 s
3
16
s211h
 
qy2
 2s11x
3
h3
 3s11x
2l
h3
þ 3s66
2h
 s
2
16
s11h
þ s11l
2
h3
 
x 3s66
4h
 s
2
16
2s11h
 
lþ s26q
2
 s12s16
2s11
 
qy þ qs16xðl xÞ
4h
;
v ¼ 2s
2
12s11 þ 2s26s16s11  4s12s216 þ s11s12s66  s22s211
2s211h
3
qy4 þ ð2s12s16  s11s26Þðl 2xÞ
s11h
3
qy3
 3s12x
2
h3
 3s12xl
h3
þ s12l
2
2h3
þ s26s16
2hs11
 s12s
2
16
hs211
þ 3s
2
12
4hs11
þ 3s12s66
4hs11
 3s22
4h
" #
qy2
þ 2s12s16  3s11s26
2hs11
xþ 3s11s26  2s12s16
4hs11
lþ s
2
12h s22hs11
2hs11
 
qy þ qs11ðl xÞ
2x2
2h3
: ð123ÞIf ov/ox = 0 in the boundary conditions is replaced by ou/oy = 0, we can getrx ¼ð6x2  6xlþ l2Þqy
h3
þ ðs11s66 þ 2s11s12  4s
2
16Þ
s211h
3
2qy3 þ 6s16
s11h
3
l 2xþ 2s11s26  2s12s16
2s211l
2  3s216h2 þ 3s11s66h2
h3
" #
qy2
 12xðs12s16  s11s26Þ
2s211l
2  3s216h2 þ 3s11s66h2
qy 6ðs11s26  s12s16Þqly
2s211l
2 þ 3s66h2s11  3s216h2
 3s11s12  2s
2
16
2s211h
qy þ s16q
2s11h
ð2x lÞ
þ 2s
2
11s12l
2 þ 3s11s12s66h2  3s11s16s26h2
2s11ð2s211l2  3s216h2 þ 3s11s66h2Þ
q;
ry ¼qðy þ hÞðh 2yÞ
2
2h3
; sxy ¼ ð4y
2  h2Þq
4h3
3ð2x lÞ þ 4 s16
s11
y  6ðs11s26  s12s16Þh
3
2s211l
2  3s216h2 þ 3s11s66h2
" #
: ð124Þ
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4ð3s11s16s664s3162s26s211þ4s11s12s16Þ
2s211h
3
þ s11s122s
2
16þ s11s66
s11h
3
2x l 2ðs11s26 s12s16Þh
3
2s211l
23s216h2þ3s11s66h2
" #
qy3
 3s16
h3
x23s16l
h3
x 6s16ðs11s26 s12s16Þ
2s211l
23s216h2þ3s11s66h2
xþ s16l
2
2h3
6s
2
11s26þ s16ð2s2165s11s122s11s66Þ
4s211h
"
þ 3s16ðs11s26 s12s16Þl
2s211l
23s216h2þ3s11s66h2
#
qy2þqs11
h3
ðl xÞð2x lÞxy
þ 6qs11ðl xÞxyð2s211l23s216h2þ3s11s66h2Þ
ðs12s16 s26s11Þþqs16
4h
xðl xÞ;
v¼ð2s11s
2
12 s211s22þ s11s12s66þ2s11s26s164s12s216Þ
2s211h
3
qy4þðs11s262s12s16Þ
s11h
3
 2x lþ 2ðs12s16 s11s26Þh
3
2s211l
2þ3s11s66h23s216h2
 !
qy33s12 x l
h3
 2ðs11s26 s12s16Þ
2s211l
2þ3s11s66h23s216h2
" #
qxy2
þ 2s12s
2
163s11s212þ3s211s222s11s16s26
4s211h
 3s12ðs11s26 s12s16Þl
2s211l
2þ3s11s66h23s216h2
 s12l
2
2h3
" #
qy2
þ s12s16
s11
3s26
2
 
qxy
h
þ s
2
12 s11s22
2s11
þð3s11s262s12s16Þl
4s11h
þ 3ðs11s26 s12s16Þ
2h2
2s11ð2s211l2þ3s11s66h23s216h2Þ
" #
qy
 s11qx
3ðl xÞ
2h3
þ s11qx
2ðl xÞ
2h3ð2s211l2þ3s11s66h23s216h2Þ
½2l3s211þ3ðs11s66 s216Þh2lþ4ðs11s26 s12s16Þh3
þqxðl xÞ½2s
2
11ð3s11s662s216Þl2þ4s211ðs12s16 s11s26Þhlþ3ð3s11s662s216Þðs11s66 s216Þh2
4s11hð2s211l2þ3s11s66h23s216h2Þ
: ð125ÞIf s11 = 1/E, s12 = l/E, s66 = 2(1 + l)/E and s16 = s26 = 0, where E denotes Young’s modulus and l Pois-
son’s ratio, Eqs. (122)–(125) degenerate to the isotropic solution, which coincides with the results obtained by
Ding et al. (2005). We note that the terms of y2 in rx, y
3 in sxy, y
4 and y2 in u and y3 in v appearing in the above
anisotropic solution are not involved in the solutions for isotropic or orthotropic beams.7. A numerical example
With the stress function represented by Eq. (12), we can solve beam problems with one or more elastic com-
pliance constants depending on the thickness coordinate y. Let us consider, for example, an anisotropic FGM
cantilever beam subjected to a shear force P applied at the free end. We assume that s11 is an exponential func-
tion of y, namely s11ðyÞ ¼ s011 exp k yþh=2h
 	
, where s011 is the value at y = h/2, while all other elastic compliance
parameters are constant, i.e. sij ¼ s0ij.
Take the stress function in the form given by Eq. (68). The stresses have been given in Eq. (80). After being
integrated, Eq. (80) can be written asrx ¼
Pk2y ks011 e
k3h2y2h  ekh2y2h
 	
xþ 2s016h e2k
y
h  ekh2yh
 	h i
ðk2ek  e2k þ 2ek  1Þs011h3
þ k
2Px
2h2ðk2ek  e2k þ 2ek  1Þ ðk 2Þe
k3h2y2h þ ðkþ 2Þekh2y2h
h i
 s
0
16kP
2s011hðk2ek  e2k þ 2ek  1Þ
ek
hþ2y
2h  ek3h2y2h  2kekh2y2h þ 2kekh2yh þ 2ke2kyh
 	
;
ry ¼ 0; sxy ¼
Pekk2 ek
h2y
2h  ekhþ2y2h
 	
h2 k2ek  e2k þ 2ek  1
  y þ
Pekk2 ek
h2y
2h þ ekhþ2y2h  2
 	
2h k2ek  e2k þ 2ek  1
  : ð126Þ
H.J. Ding et al. / International Journal of Solids and Structures 44 (2007) 176–196 193When k = 0, by using L’Hospital’s rule, we can obtain the stress components for a homogeneous beam from
Eq. (126).
For numerical calculation, we take the shear force P = 1000 (N/m), the span of the beam l = 1 (m), the
height h = 0.1 (m), and the material properties in Table 1.
The curves of rxh/P versus y/h at the middle span are shown in Fig. 2. The curve for k = 1 is concave, the
curve for k = 0 tends to a straight line, while that for k = 1 is convex.
The curves for the dimensionless stress sxyh/P versus y/h at the middle span are shown in Fig. 3. The loca-
tion of maximum shear stress changes with k. When k = 0, the curve tends to a parabola, and the maximum
value of sxyh/P occurs at y = 0. When k = 1, the maximum shear stress locates near y = 0.1h, while it is near
y = 0.1h when k = 1.
The stress ﬁelds for diﬀerent types of ﬁxed-end boundary conditions are the same, whereas the displacement
expressions are diﬀerent. By applying these two ﬁxed-end boundary conditions, we can determine the displace-Table 1
Material properties
s011 (m
2/N) s012 (m
2/N) s016 (m
2/N) s022 (m
2/N) s026 (m
2/N) s066 (m
2/N)
0.150e9 0.0259e9 0.0693e9 0.01032e9 0.0144e9 0.1464e9
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Fig. 2. rxh/P versus y/h (x = 0.5l).
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Fig. 3. sxyh/P versus y/h (x = 0.5l).
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Fig. 4. v/h versus k at point (0,0).
194 H.J. Ding et al. / International Journal of Solids and Structures 44 (2007) 176–196ment expressions from Eq. (46). The relationships between v (0,0)/h and k for the two boundary condition are
illustrated in Fig. 4, where BC1 denotes the result for boundary condition u = v = 0, ov/ox = 0 and BC2 for
u = v = 0, ou/oy = 0. The two results are very close to each other for the beam with a span-to-height ratio of 10.
We also compare our analytical solution with the FEM solution by MSC.Nastran. The Quad4 element of
0.01 m · 0.01 m is employed, i.e. there are totally 1000 elements for the whole beam. Since the beam is inho-
mogeneous, the material property of each element is set equal to that at the center of the element. The bound-
ary conditions in the FEM model are u = v = 0 at x = l, h/2 6 y 6 h/2. The force P is directly applied to
point (0,0). The FEM results are simultaneously presented in Figs. 2–4, where a good agreement can be
observed between the two solutions.
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Appendix
Some functions and coeﬃcients for homogeneous beams (sij = const.)A: f 0nðyÞ ¼
1
ðnþ 1Þ!2nþ1s11
ð2y þ hÞnþ1; ðA:1Þ
f 00ðyÞ ¼
1
2s11
ð2y þ hÞ; ðA:2Þ
f 01ðyÞ ¼
1
8s11
ð2y þ hÞ2; ðA:3Þ
f 02ðyÞ ¼
1
48s11
ð2y þ hÞ3; ðA:4Þ
f 03ðyÞ ¼
1
384s11
ð2y þ hÞ4: ðA:5Þ
B: f m0ðyÞ ¼
1
ðmþ 1Þ2mþ1s11
½ð2yÞmþ1  ðhÞmþ1; ðB:1Þ
f 10ðyÞ ¼
1
8s11
ð4y2  h2Þ; ðB:2Þ
f 20ðyÞ ¼
1
24s11
ð8y3 þ h3Þ: ðB:3Þ
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1
ðnþ 2Þ!2nþ2s11
ð2y þ hÞnþ1½2y  ðnþ 1Þh; ðC:1Þ
f 11ðyÞ ¼
1
24s11
ð2y þ hÞ2ðy  hÞ; ðC:2Þ
f 12ðyÞ ¼
1
384s11
ð2y þ hÞ3ð2y  3hÞ; ðC:3Þ
f 13ðyÞ ¼
1
1920s11
ð2y þ hÞ4ðy  2hÞ: ðC:4Þ
D: f 6mnðyÞ ¼ s16fmnðyÞ: ðD:1Þ
E: f 2mnðyÞ ¼ s12fmnðyÞ: ðE:1Þ
F: gmnðyÞ ¼
2s16
s11
fmnþ1ðyÞ: ðF:1Þ
G: g6mnðyÞ ¼
4s216  2s11s12  s11s66
s211
fmnþ2ðyÞ: ðG:1Þ
H: BmðyÞ ¼ 2s
2
16  s11s12  s11s66
s11
fm1ðyÞ: ðH:1Þ
I: B00ðyÞ ¼ ðs216  s11s66Þf00ðyÞ: ðI:1Þ
J: hnðyÞ ¼ 1ðnþ 2Þ!2nþ2s211
ð2y þ hÞnþ1½ð2s216  s11s12  s11s66Þð2y þ hÞ þ ðnþ 2Þs11s12h: ðJ:1Þ
K: H 0 ¼ f00ðh=2Þ ¼ h=s11; H 1 ¼ f10ðh=2Þ ¼ 0; H 2 ¼ f20ðh=2Þ ¼ h3=ð12s11Þ;
H 3 ¼ f01ðh=2Þ ¼ h2=ð2s11Þ; H 4 ¼ f11ðh=2Þ ¼ H 2; H 5 ¼ H 0h=2 H 3 ¼ 0;
H 6 ¼ H 1h=2 H 4 ¼ H 2;
H 02 ¼ H 0H 2  H 21 ¼ H 0H 2 ¼ h4=ð12s211Þ; H 04 ¼ H 0H 4  H 1H 3 ¼ H 0H 4 ¼ H 02;
H 06 ¼ H 0H 6  H 1H 5 ¼ H 0H 2 ¼ H 02; f 02ðh=2Þ ¼ h3=ð6s11Þ; f 03ðh=2Þ ¼ h4=ð24s11Þ;
f 12ðh=2Þ ¼ h4=ð24s11Þ; f 13ðh=2Þ ¼ h5=ð80s11Þ;
f 200ðh=2Þ ¼
s12
s11
h; f 201ðh=2Þ ¼
s12
2s11
h2; f 600ðh=2Þ ¼
s16
s11
h; f 601ðh=2Þ ¼
s16
2s11
h2;
g00ðh=2Þ ¼
s16
s211
h2; g01ðh=2Þ ¼
s16
3s211
h3; g10ðh=2Þ ¼ 
s16
6s211
h3; g11ðh=2Þ ¼ 
s16
12s211
h4;
g600ðh=2Þ ¼
4s216  2s11s12  s11s66
6s311
h3; g601ðh=2Þ ¼
4s216  2s11s12  s11s66
24s311
h4;
g610ðh=2Þ ¼ g601ðh=2Þ; g611ðh=2Þ ¼ 
4s216  2s11s12  s11s66
80s311
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